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The virial theorem is formulated both intrinsically and in local coordinates for a
Lagrangian system of mechanical type on a Riemann manifold. An import case studied
in this paper is that of an affine virial function associated to a vector field on the
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1 Introduction
Since the establishment of the so called virial theorem in 1870 its usefulness and range of
applicability have been increasing almost continuously till our days. It was stated by Clausius
in the assertion The mean vis viva of the system is equal to its virial where vis viva integral
is the total kinetic energy of the system and the latin word virias was used by Clausius to
denote the scalar quantity represented in terms of the forces Fi acting on the system as
1
2
〈〈
∑
i
Fi · ri〉〉,
and it was shown to be one half of the averaged potential energy of the system.
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The important point is the wide range of applicability of the virial theorem, as it is ap-
plicable to dynamical and thermodynamical systems, it can also be formulated to deal with
relativistic (in the sense of special relativity) systems, it is applicable to systems with ve-
locity dependent forces and viscous systems, and even if it provides less information that
the equations of motion, it is simpler to apply and then it can provide information concern-
ing systems whose complete analysis may defy description. For instance, in astronomy, the
virial theorem finds applications in the theory of dust and gas of interstellar space as well as
cosmological considerations of the universe as a whole and in other discussions concerning
the stability of clusters, galaxies and clusters of galaxies. For an excellent historical account
one can see [1].
In one-particle Newtonian mechanics of a particle of mass m under the action of a force
F the virial function introduced by Clausius is G(x, x˙) = mx · x˙, and one can show using
Newton second law that dG/dt = m x˙·x˙+x·F, and when integrating this expression between
t = 0 and t = τ , dividing by the total time interval τ and taking the limit of τ going to
infinity we find that if the possible values of G are bounded then 〈〈2 T (x˙) + x · F〉〉 = 0. In
the particular case of a conservative force, F = −∇V , 〈〈2 T (x˙) − x ·∇V 〉〉 = 0. When the
potential V is homogeneous of degree k, Euler’s theorem of homogeneous functions implies
that x ·∇V = k V , and therefore, 〈〈2 T (x˙)− k V (x)〉〉 = 0, i.e. if E is the total energy,
〈〈T (x˙)〉〉 = k E
k + 2
, 〈〈V (x)〉〉 = 2E
k + 2
.
Remark that the existence of the time average of a function depends on the evolution curve
and therefore on the initial conditions. The assumption that the function remains bounded
guarantees that such an average does exist whatever the evolution curve be, and, moreover,
when the motion is periodic the average coincides with the average in a time period. On the
other side the relation 〈〈A + B〉〉 = 〈〈A〉〉 + 〈〈B〉〉 holds when the three averages do exist. In
particular, expressions as 〈〈A− B〉〉 = 0 imply 〈〈A〉〉 = 〈〈B〉〉 when 〈〈A〉〉 does exist.
Relevant questions about this result are: Where does the virial function G comes from?
Why the relation is simpler for power law potentials? Why is the reason for the values of the
coefficients? Is there any generalisation? and, of course, What about a quantum mechanical
counterpart? The answer to all these questions rests on the geometrical interpretation of
the virial theorem for dynamical systems, in particular for systems defined by regular La-
grangians, (see e.g. [2] and references therein). The standard virial theorem is based on the
transformation properties of kinetic and potential energy under dilations, therefore is only
valid for systems with Rn as configuration space. In order to generalise the virial theorem
for other system we should use the tools of geometric mechanics. First the problem was
analysed in the framework of Hamiltonian dynamical systems, and therefore for systems
described by a regular Lagrangian. But the possibility of establishing a virial-like relation
in the case in which we have a vector field X which is a complete lift of a vector field on the
base manifold such that XL = aL was also studied in [3], as well as the even more general
case of vector fields whose flows are non-strictly canonical transformations. The virial-like
relations we obtain are more general than the standard ones and some of them have been
used in tensor virial theorems or the so-called hypervirial theorems [4].
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It is well known the equivalence of Lagrangian and Hamiltonian formalisms in the regular
case. Actually the geometric approach was first developed in the Hamiltonian formalism in
the framework of symplectic geometry in phase spaces (i.e. cotangent bundles) and then
Legendre transformation was used to translate the symplectic structure to the Lagrangian
formalism. However, it was soon proved that one can develop the formalism in the framework
of tangent bundle geometry by using the geometric tensors characterizing tangent bundle
structures, the vertical endomorphism and the Liouville vector field [5, 6, 7, 8]. As virial-like
relations can be directly established in terms of the Lagrangian function and are not so easily
derivable in the Hamiltonian formalism we will mainly restrict ourselves to the Lagrangian
formalism, even if the final expressions can be translated to the Hamiltonian language.
The extension of some of such results to the framework of mechanics in Lie algebroids was
developed in [9].
This paper tries to develop analogous results in the particular case of mechanical type
Lagrangians, and in this case conformal Killing vector fields will be shown to play a very
relevant role. For mechanical systems, L = Tg − V , finding infinitesimal symmetries of the
metric, i.e. Killing fields, is relatively easy. As it is well known, if such a vector field is also
a symmetry of the potential we get a constant of the motion, which simplifies the problem.
If the Killing vector field is not a symmetry of the potential the Virial Theorem provides
relevant information, namely the average value of the derivative of the potential vanishes.
With more generality, for a homothetic or a conformal Killing vector field the Virial theorem
allows us to establish relations between the averages of the kinetic energy and those of certain
derivatives of the potential.
The paper is organized as follows. In Section 2, some geometrical concepts about Riemann
structures are recalled and relevant expressions for tensor fields and functions are written in
generalised coordinates. In Section 3, the virial theorem is presented for Lagrangian systems
of mechanical type, both in intrinsic form and in terms of local coordinates, and a spherical
geometry problem is analysed using this approach. In Section 4, we consider an important
particular case of an affine on the velocities virial function, associated to a vector field on
the configuration manifold, more specifically, when the vector field is either a Killing, a
homothetic or a conformal Killing vector field. Several examples are used to illustrate the
theory. In the last section we make some final comments about the results presented in the
paper.
2 Riemann structures and mechanical type Lagrangians
Let (M, g) be a (pseudo-)Riemann manifold, i.e. g is a non-degenerate symmetric two times
covariant tensor field on M . Nondegeneracy means that the map ĝ : TM → T ∗M from
the tangent bundle τM : TM → M to the cotangent bundle piM : T ∗M → M , defined
by 〈ĝ(v), w〉 = g(v, w), where v, w ∈ TxM , is regular. The map ĝ is a fibred map over
the identity on M and induces the corresponding map between the spaces of sections of
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the tangent and cotangent bundles, to be denoted by the same letter ĝ : X(M) → Ω1(M):
〈ĝ(X), Y 〉 = g(X, Y ).
A diffeomorphism F : M → M induces a new (pseudo-)Riemann structure F ∗g on M .
Such transformation F is called a conformal symmetry when there exists a function f ∈
C∞(M) such that F ∗g = f g. In particular when f is a constant (different from one)
F is said to be a (proper) homothethy and, finally, when F ∗g = g, the map F is called
isometry. In the infinitesimal approach we say that a vector field X ∈ X(M) is either a
conformal, a homothetic, or a Killing vector field, when its flow φt is made of conformal
maps, homothethies or isometries, respectively:
conformal vector field : LXg = f g, f ∈ C∞(M),
homothetic vector field : LXg = λ g, λ ∈ R,
Killing vector field : LXg = 0.
Proper conformal vector fields are those vector fields for which the conformal factor f is non
constant and similarly a proper homothetic vector field is when λ 6= 0. Using the well known
property LX ◦LY −LY ◦LX = L[X,Y ] one sees that the set of conformal vector fields is a Lie
algebra and those of homothetic and Killing vector fields are subalgebras. For more details
see e.g. [10, 11, 12, 13].
Given a symmetric covariant 2-tensor field K in M we denote by TK ∈ C∞(TM) the
function
TK(v) =
1
2
K(v, v), v ∈ TM.
This rule identifies symmetric covariant 2-tensor fields with quadratic homogeneous functions
on the fibre coordinates. In particular when g is a Riemann structure in M ,
Tg(v) =
1
2
g(v, v), v ∈ TM,
is the kinetic energy defined by the metric.
Given a local chart (U, q1, . . . , qn) on M we can consider the coordinate basis of X(U)
usually denoted {∂/∂qj | j = 1, . . . , n} and the dual basis for Ω1(U), {dqj | j = 1, . . . , n}.
Then a vector in a point q ∈ U is v = vj (∂/∂qj)q and a covector is ζ = pj (dqj)q, with vj =
〈dqj, v〉 and pj = 〈ζ, ∂/∂qj〉 being the usual velocities and momenta. The local expression
for g is
g = gij(q) dq
i ⊗ dqj. (1)
We can define Lagrangians of mechanical type for systems with configuration space M ,
L ∈ C∞(TM), by choosing a (pseudo-)Riemann structure g on M and a potential function
V ∈ C∞(M) as follows:
Lg,V (q, v) =
1
2
gq(v, v)− (τ ∗MV )(q, v) =
1
2
gq(v, v)− V (q), (2)
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i.e. the Lagrangian function is of the form Lg,V = Tg − τ ∗MV , where the function Tg ∈
C∞(TM) represents the kinetic energy given above which can be rewritten as
Tg =
1
2
g(TτM ◦D, TτM ◦D),
with D being any second order differential equation vector field, i.e. a vector field on TM
such that τTM ◦D = idTM , while the potential energy V˜ = τ ∗MV is a basic function, i.e. the
pull-back of a smooth function V on the base manifold M .
Given a Riemann structure g on a manifold M with local expression in a local chart (1),
the expression for the corresponding (free, i.e. V = 0) Lagrangian, i.e. the function Tg, is
Tg(q, v) =
1
2
gij(q) v
ivj, (3)
while the coordinate expression of an arbitrary second order vector field is
D(q, v) = vi
∂
∂qi
+ f i(q, v)
∂
∂vi
. (4)
Given a vector field on M ,
X = X i(q)
∂
∂qi
∈ X(M), (5)
the Lie derivative with respect to the vector field X of the metric tensor field g is
LXg = Xk ∂gij
∂qk
dqi ⊗ dqj + gij
(
∂X i
∂qk
dqk ⊗ dqj + ∂X
j
∂qk
dqi ⊗ dqk
)
,
or using the symmetry property of the metric tensor field,
LXg =
(
Xk
∂gij
∂qk
+ gik
∂Xk
∂qj
+ gjk
∂Xk
∂qi
)
dqi ⊗ dqj, (6)
and then the condition for X to be a Killing vector field, i.e. LXg = 0, is written in the
above mentioned local coordinates as(
Xk
∂gij
∂qk
+ gik
∂Xk
∂qj
+ gjk
∂Xk
∂qi
)
dqi ⊗ dqj = 0.
Therefore, the set of conditions for the vector field X ∈ X(M) given by (5) to be a Killing
symmetry are:
Xk
∂gij
∂qk
+ gik
∂Xk
∂qj
+ gjk
∂Xk
∂qi
= 0, i, j = 1, . . . , n. (7)
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Consider now the complete lift Xc ∈ X(TM) with flow Tφt, where φt is the flow of the
vector field X ∈ X(M) with local expression (5). Then the local coordinate expression of
Xc is
Xc(q, v) = X i(q)
∂
∂qi
+ vj
∂X i
∂qj
(q, v)
∂
∂vi
= X i(q)
∂
∂qi
+ (DX i)(q, v)
∂
∂vi
,
for any second order differential equation vector field D.
For a 1-form α on M we denote by α̂ the associated linear function on TM given by
α̂(v) = 〈ατM (v), v〉, for v ∈ TM . In local tangent bundle coordinates, if α = αi(q) dqi, the
function α̂ is α̂(q, v) = αi(q) v
i. In particular, for an exact 1-form α = df the associated
linear function is d̂f(q, v) = vi(∂f/∂qi)q, i.e. d̂f looks like the total derivative of the function
f , and we denote f˙ = d̂f , which can also be obtained by f˙ = LD(τ ∗Mf) for an arbitrary second
order differential equation vector field D. Complete lifts are determined by the action on
this kind of functions: given a vector field X on M its complete lift Xc is the only vector
field on TM which satisfies
LXcα̂ = L̂Xα (8)
for every 1-form α on M . It is clear that the above condition determines a vector field on
TM . Let us show that the complete lift satisfies such a relation. If φt is the flow of X then
the flow of Xc is Tφt, so that for v ∈ TM , with q = τM (v), we have
(LXcα̂)(v) = d
dt
α̂(Tφt(v))
∣∣
t=0
=
d
dt
〈ατM (Tφt(v)), Tφt(v)〉
∣∣
t=0
=
d
dt
〈αφt(q), Tφt(v)〉
∣∣
t=0
=
d
dt
〈(φ∗tα)q, v〉
∣∣
t=0
= 〈(LXα)q, v〉 = L̂Xα(v).
In particular, for α = df we have LXc f˙ = (LXf) .˙
A remarkable property to be used later on is that for a given a vector field X ∈ X(M),
[Xc, D] is a vertical vector field in TM for any second order differential equation vector field
D, because XcD(qi) = D(X i) = DXc(qi) = vk∂X i/∂qk. The preceding property (8) can
also be used to give an intrinsic proof as follows. Indeed, the action on basic functions is
L[D,Xc](τ ∗Mf) = LDLXc(τ ∗Mf)− LXcLD(τ ∗Mf)
= LD(τ ∗MLXf)− LXc f˙ = (LXf )˙ − LXc f˙ = 0
from where it follows that [Xc, D] is vertical.
One of the more important properties of complete lifts is the following relationship:
XcTg = TLXg. (9)
In fact,
(XcTg)(q, v) =
1
2
(
Xk(q)
∂gij
∂qk
(q) vivj + gij(q)
∂X i
∂qk
(q) vkvj + gij(q)
∂Xj
∂qk
(q) vivk
)
=
1
2
(
Xk(q)
∂gij
∂qk
(q) + gkj(q)
∂Xk
∂qi
(q) + gik(q)
∂Xk
∂qj
(q)
)
vivj
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and therefore, according to (6), the relation (9) follows. This relation may also be proved
intrinsically by using the definitions of Lie derivative and of Tg mentioned earlier in the text:
for all v ∈ TM ,
XcTg(v) =
d
dt
Tg ◦ Tφt(v)
∣∣
t=0
=
d
dt
(
1
2
g(Tφt(v), Tφt(v))
)
|t=0
=
1
2
d
dt
(φ∗tg)(v, v)
∣∣
t=0
=
1
2
(LXg)(v, v) = TLXg(v, v).
Consequently, X ∈ X(M) is a Killing vector field for the Riemann structure g if and only
if Xc ∈ X(TM) is a symmetry for the corresponding free Lagrangian, i.e. the conditions for
Xc to be a symmetry of Tg are given by (7).
3 A virial theorem for mechanical type Lagrangians
A (regular) Lagrangian determines a symplectic structure on the tangent bundle TM , the
Cartan 2-form ωL = −dθL = −d(dL◦S). Here S is the vertical endomorphism [7, 8], which is
defined using the natural identification of the tangent space TqM with the vertical subspace
of the tangent space in any point of τ−1M (q). Such a vertical lift allows us to lift a tangent
vector field X ∈ X(M) to a vertical vector field Xv ∈ X(TM). This vector field is related
to the complete lift by S(Xc) = Xv, and if the local coordinate expression of X is (5) that
of Xv is
Xv(v) = X i(q)
∂
∂vi
∈ X(TM).
The energy of a Lagrangian system is defined by EL = ∆L − L, where ∆ is the Liouville
vector field, generator of dilations along the fibres, given by
∆f(q, v) =
d
dt
f(q, etv)|t=0,
for all (q, v) ∈ TM and f ∈ C∞(M). Hence, as ∆(Tg) = 2 Tg and ∆(V ) = 0, the total
energy of a Lagrangian system of mechanical type is EL = Tg + V .
The dynamics is then given by the dynamical vector field ΓL defined for a regular La-
grangian L by
i(ΓL)ωL = dEL. (10)
In particular, the coordinate expression of the Cartan 1-form θL = dL◦S for the Lagrangian
(2) is given by
θL(q, v) = gij(q) v
j dqi
and the symplectic form ωL = −dθL by
ωL = gij dq
i ∧ dvj + 1
2
(
∂gij
∂qk
vj − ∂gkj
∂qi
vj
)
dqi ∧ dqk.
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A regular Lagrangian system on M can be seen as a Hamiltonian system (TM, {·, ·}, H),
where the Hamiltonian H is the energy EL and the Poisson bracket {·, ·} is defined by the
symplectic 2-form ωL, i.e. {F1, F2} = ωL(XF1, XF2), where i(XF )ωL = dF . Recall that a
Poisson bracket is a skew-symmetric bilinear map on the algebra of smooth functions on the
manifold, that obeys the Jacobi identity and the Leibniz’s rule w.r.t. the first argument. In
this case, the Virial Theorem states (see e.g. [2] and references therein) that for a smooth
bounded function G the time average of the Poisson bracket G˙ = {G,EL} vanish, that is,
〈〈XG(EL)〉〉 = 0.
We next recall some important geometric properties of connections. Recall that a linear
connection on a Riemann manifold (M, g) is compatible with the Riemann structure g, i.e.
the parallel transport along any curve is an isometry, if and only if
X(g(Y, Z)) = g(∇XY, Z) + g(Y,∇XZ), ∀X, Y, Z ∈ X(M). (11)
The main result is that there exists a unique torsion-free metric connection on M , called
Levi-Civita connection, which is given by Koszul formula:
2g(∇XY, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X, Y )
− g(X, [Y, Z]) + g(Y, [Z,X ]) + g(Z, [X, Y ]). (12)
In particular, when a coordinate chart is considered, the Christoffel symbols of the second
kind defined by
∇∂/∂qj
(
∂
∂qk
)
= Γijk
∂
∂qi
are given by
Γijk(q) =
1
2
gil(q)
(
∂glj
∂qk
(q) +
∂glk
∂qj
(q)− ∂gjk
∂ql
(q)
)
, (13)
where gij are the inverse matrix entries of the Riemann structure g.
Then, the linear connection is given by
∇XY = X i
(
∂Y k
∂qi
+ Y j Γkij(q)
)
∂
∂qk
,
and correspondingly,
∇Xα = Xk
(
∂αj
∂qk
− αi Γijk
)
dqj.
Using these covariant derivatives the Killing condition LXg = 0, i.e. (7), can be written
in an intrinsic way as the condition for the covariant derivative of the vector field X , to be
a skew-symmetric endomorphism with respect to the metric g, that is (see e.g. Proposition
4.10 of [14]), for every Y, Z ∈ X(M),
g(∇YX,Z) + g(Y,∇ZX) = 0. (14)
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Another remarkable relation is that if α is the 1-form α = ĝ(X), where X ∈ X(M),
then, using that the relation ∇Z〈α, Y 〉 = 〈∇Zα, Y 〉 + 〈α,∇ZY 〉, for any two vector fields
Y, Z ∈ X(M), can be rewritten then as
Z(g(X, Y )) = 〈∇Zα, Y 〉+ g(X,∇ZY ),
and having in mind the property of the compatibility of the connection with the metric, we
see that
〈∇Zα, Y 〉 = g(∇ZX, Y ). (15)
The dynamical vector field, solution of the dynamical equation (10) turns out to be
ΓL(q, v) = v
i ∂
∂qi
−
(
Γijk(q)v
jvk + gij(q)
∂V
∂qj
(q)
)
∂
∂vi
,
where Γijk are the Christoffel symbols of the second kind with respect to the Levi-Civita
connection defined by the metric g, as given by (13).
The Hamiltonian vector field of a smooth function G on TM is determined by the equation
i(XG)ωL = dG and in local coordinates is given by
XG(q, v) = g
ij(q)
∂G
∂vj
(q, v)
∂
∂qi
+gik(q)
[(
∂gln
∂qk
(q) vn − ∂gkn
∂ql
(q) vn
)
glj(q)
∂G
∂vj
(q, v)− ∂G
∂qk
(q, v)
]
∂
∂vi
.
(16)
Since the total energy of the system is EL = T + V , then,
XG(EL) = −ΓL(G) = ∂G
∂vl
(
Γljkv
jvk + gil
∂V
∂qi
)
− ∂G
∂qk
vk. (17)
The virial theorem, 〈〈XG(EL)〉〉 = 0 (see e.g. [2] for a geometric approach), establishes the
following relation between time averages:〈〈
∂G
∂vl
(
Γljkv
jvk + gil
∂V
∂qi
)
− ∂G
∂qk
vk
〉〉
= 0.
We will see that the preceding expression is much simpler when the vector field XG is a
complete lift.
A relevant result concerning the virial theorem is that if X is a vector field on M and Xc
its complete lift, then the function G defined by G = 〈θL, Xc〉 is such that LΓLG = LXcL,
that is,
ΓL(G) = X
c(L). (18)
In fact, as L is assumed to be regular the vector field ΓL satisfies LΓLθL = dL and then
〈LΓLθL − dL,Xc〉 = 0. Using a well-known property of the Lie derivative,
〈LΓLθL, Xc〉 = i(Xc)LΓLθL = LΓLi(Xc)θL + i([Xc,ΓL])θL,
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we have
ΓL(〈θL, Xc〉)− 〈θL, [ΓL, Xc]〉 − 〈dL,Xc〉 = 0.
But the Cartan 1-form θL is a semi-basic 1-form and [X
c,ΓL] is a vertical vector field because
ΓL is a second order vector field and then 〈θL, [ΓL, Xc]〉 = 0. Therefore, ΓL(〈θL, Xc〉) =
ΓL(G) = 〈dL,Xc〉 = Xc(L).
From the expression ΓL(G) = X
c(L), evaluating on the time evolution and averaging on
the interval [0, τ ], in the limit when τ → ∞, we get as we did in [2] in an analogous case,
that if G remains bounded,
〈〈Xc(L)〉〉 = 0⇐⇒ 〈〈Xc(Tg)−X(V )〉〉 = 0,
whose local coordinate expression is〈〈
Xk
1
2
∂gij
∂qk
vivj +
∂Xk
∂ql
gkjv
lvj −Xk ∂V
∂qk
〉〉
= 0. (19)
In the particular case studied in [2], in which there exists a nonzero real number a such
that XcL = aL we recover the result 〈〈L〉〉 = 0, i.e. 〈〈T − V 〉〉 = 0.
Example 1 (Spherical geometry) Consider as an illustrative example the motion of a
unity mass point on a sphere of radius R = 1/
√
λ centred at the origin and the usual
spherical polar coordinates, i.e. a point P on the sphere is fixed by two coordinates (θ, φ)
such that
x(θ, φ) = (R sin θ cosφ,R sin θ sinφ,R cos θ),
and then
gθθ = R
2, gθφ = 0, gφφ = R
2 sin2 θ,
i.e. the arc-length is
ds2 = R2(dθ2 + sin2 θ dφ2). (20)
Suppose that the motion is under the action described by a potential function V (θ) that does
not depend on φ but only on the distance to the North pole. Then, if X is the vector field on
the base X = tan θ ∂/∂θ, with complete lift
Xc = tan θ
∂
∂θ
+ sec2 θ vθ
∂
∂vθ
,
as the kinetic energy is T = 1
2
R2(v2θ + sin
2 θ v2φ) and
Xc(T ) = R2(sec2 θ v2θ + sin
2 θ v2φ), X(V ) = tan θ
∂V
∂θ
,
the Virial Theorem establishes that〈
R2(sec2 θ v2θ + sin
2 θ v2φ)
〉
=
〈〈
tan θ
∂V
∂θ
〉〉
.
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The points of the lower half sphere can be described by the points obtained by central
projection onto the tangent plane x3 = −R, i.e. points (q1, q2,−R) such that
q1 =
x1R
−x3 = −
R2 sin θ cosφ
R cos θ
= −R tan θ cos φ
q2 =
x2R
−x3 = −
R2 sin θ sin φ
R cos θ
= −R tan θ sin φ
or eliminating the South pole and using polar coordinates (r, φ) centred at (0, 0,−R), i.e.
r = −R tan θ, having in mind that
dθ
dr
= − 1
R
1
1 + (r/R)2
= − 1
R
1
1 + λ r2
,
the expression of the arc-length becomes
ds2 =
1
(1 + λr2)2
dr2 +
r2
(1 + λr2)
dφ2.
In terms of the new coordinates, as tan θ = −r/R,
sec2 θ = 1 + λr2, sin2 θ =
r2
R2
(1 + λr2)−1, vr = R(1 + λr
2)vθ
and then we can rewrite the preceding equation as〈
(1 + λr2)−1(v2r + r
2v2φ)
〉
=
〈〈
r (1 + λr2)
∂V
∂r
〉〉
, (21)
which coincides with the expression (14) of [15]. However, in [15] such expression was only
proved for two special cases and it was proposed as a guess for the general case.
4 Affine virial functions
As mentioned earlier, the Virial Theorem for a given smooth bounded function G is but
〈〈XG(EL)〉〉 = 0, which for systems of mechanical type reduces to 〈〈XG(T )+XG(V )〉〉 = 0. A
particularly simple case would be when XG is a complete lift and this property constraints
the possible form of G.
A particularly simple case would be when XG is a complete lift and this property con-
straints the possible form of G.
Note first that the expression (16) for the vector field XG shows that the necessary and
sufficient condition for XG to be τM projectable is that ∂G/∂v
i be a basic function, i.e. G
is an affine in velocities function, or in more geometric language, there must be a 1-form
α = αk(q) dq
k on M and a function ϕ on M such that
G = α̂ + τ ∗Mϕ,
and then the τM -related vector field is ĝ
−1(α).
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4.1 Killing vector fields
In order to the vector field XG to be a complete lift, the τM -related vector field must be
ĝ−1(α), and the n functions αk and the function ϕ on the base manifold must satisfy, for
any index i,
∂
∂qk
(
gijαj
)
vk = gik
[(
∂gln
∂qk
vn − ∂gkn
∂ql
vn
)
gljαj − vj ∂αj
∂qk
− ∂ϕ
∂qk
]
.
These conditions can be rewritten for any pair of indices (i, k), as:
αj
∂gij
∂qk
+ gij
∂αj
∂qk
= gij
∂glk
∂qj
glm αm − gim ∂gmk
∂ql
glj αj − ∂αk
∂qj
gij,
∂ϕ
∂qk
= 0,
and therefore as follows
gij
(
∂αj
∂qk
+
∂αk
∂qj
)
= αn
(
−∂g
in
∂qk
+ gijgln
∂glk
∂qj
− gimgln∂gmk
∂ql
)
,
∂ϕ
∂qk
= 0.
Using now that
∂gij
∂qk
= −gilgjm∂glm
∂qk
,
the preceding equation becomes
gij
(
∂αj
∂qk
+
∂αk
∂qj
)
= αn
(
girgns
∂grs
∂qk
+ gijgln
∂glk
∂qj
− gimgln∂gmk
∂ql
)
,
or equivalently
gij
(
∂αj
∂qk
+
∂αk
∂qj
)
= αng
ijgln
(
∂gjl
∂qk
+
∂glk
∂qj
− ∂gjk
∂ql
)
= 2αng
lnΓilk.
which can be rewritten as
∂αj
∂qk
+
∂αk
∂qj
= 2αi Γ
i
jk,
or in other words, for any pair of indices i, k,(
∂αj
∂qk
− αi Γijk
)
+
(
∂αk
∂qj
− αi Γikj
)
= 0.
Multiplying both sides by ZjY k and summing on repeated indices we see that this equation
is the coordinate expression of the intrinsic one
〈∇Y α, Z〉+ 〈∇Zα, Y 〉 = 0, ∀Y, Z ∈ X(M),
so that the 2-covariant tensor field ∇α is skew-symmetric. But as α = ĝ(X), the relation
(15) allows us to express this condition as g(∇YX,Z)+g(Z,∇YX) = 0, which means that X
satisfies the Killing condition (14). The preceding result can be summarized in the following
proposition whose intrinsic proof is also given:
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Proposition 1 The vector field X ∈ X(M) is a Killing vector w.r.t. the Riemann structure
g iff Xα̂ = X
c, where α̂ is the linear in the fibres function defined by the 1-form α = ĝ(X).
Proof: The linear in the fibres function G = 〈θTg , Xc〉 is nothing but the function α̂, because
〈θTg , Xc〉 = 〈dTg ◦ S,Xc〉 = 〈dTg, S(Xc)〉 = Xv(Tg),
where the vector field Xv is the vertical lift of X [7, 8], and therefore,
〈θTg , Xc〉(v) =
d
ds
Tg(v + sX(τM (v))
∣∣
s=0
= g(X(τM(v)), v) = α̂(v),
for every v ∈ TM .
If the Hamiltonian vector field XG is the complete lift X
c, then the relation (18) shows
that Xc(EL) = −Xc(L), because Xc(L) = ΓLG = −XG(EL) = −Xc(EL). Therefore,
Xc(Tg)−Xc(V ) = −Xc(Tg)−Xc(V ), i.e. Xc(Tg) = 0, and then X is a Killing vector. On the
other hand, if X is a Killing vector we have that TLXg = 0. Since i(XG−Xc)ωTg = θTLXg = 0,
then XG = X
c.
Let X be a Killing vector field, and α = ĝ(X) the associated 1-form. As we have seen,
Xα̂ = X
c, from where we have
{EL, α̂} = Xα̂EL = XcEL = EXcL = TLXg + τ ∗M (LXV ) = τ ∗M (LXV ) .
Taking mean values we get that for every Killing vector field X :
〈〈LXV 〉〉 = 0.
Therefore, if X is not a symmetry of the potential energy then the mean value of the
derivative LXV vanishes along any trajectory of the Lagrangian dynamical system.
Example 2 (Spherical geometry revisited) Coming back to the case of the spherical
geometry, we can say that the vector field
X = Xθ
∂
∂θ
+Xφ
∂
∂φ
is a Killing vector field if and only if its complete lift
Xc = Xθ
∂
∂θ
+Xφ
∂
∂φ
+
(
∂Xθ
∂θ
vθ +
∂Xθ
∂φ
vφ
)
∂
∂vθ
+
(
∂Xφ
∂θ
vθ +
∂Xφ
∂φ
vφ
)
∂
∂vφ
is a symmetry of the kinetic energy
T (θ, φ, vθ, vφ) =
1
2
(v2θ + sin
2 θ v2φ).
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From the condition(
∂Xθ
∂θ
vθ +
∂Xθ
∂φ
vφ
)
vθ + sin
2 θ
(
∂Xφ
∂θ
vθ +
∂Xφ
∂φ
vφ
)
vφ +Xθ sin θ cos θ vφ
2 = 0,
we obtain the conditions:
∂Xθ
∂θ
= 0,
∂Xθ
∂φ
+ sin2 θ
∂Xφ
∂θ
= 0
sin θ
(
cos θ Xθ + sin θ
∂Xφ
∂φ
)
= 0
One solution is given by Xθ = 0 and Xφ = 1, i.e. the vector field X3 = ∂/∂φ is a Killing
vector field. Another particular solution is Xθ = cos φ and Xφ = − sin φ cotan θ, and then
another Killing vector field is
X1 = cosφ
∂
∂θ
− sin φ cotan θ ∂
∂φ
.
The corresponding virial theorem is
〈〈LX1V 〉〉 = 0⇐⇒ 〈〈cosφ
∂V
∂θ
〉〉 = 〈〈sinφ cotan θ∂V
∂φ
〉〉.
Example 3 (Periodic Toda lattice with n particles) A periodic Toda lattice system with
n particles without impurities (each particle as the same mass m), is defined by a mechanical
Lagrangian L = T − V on TRn. The kinetic energy is the quadratic function defined by the
Euclidian metric on Rn,
T (q, v) =
1
2
n∑
i=1
mv2i ,
and the potential is given by
V (q) =
n∑
i=1
eqi−qi+1,
where qn+1 = q1. Consider the following vector field, for a fixed k = 1, . . . , n,
Xk =
∂
∂qk
.
The vector field is a Killing vector w.r.t. the Euclidean metric.
Then the Virial Theorem implies that 〈〈LXkV 〉〉 = 〈〈eqk−qk+1 − eqk−1−qk〉〉 = 0. Therefore,
〈〈eqk−qk+1〉〉 = 〈〈eqk−1−qk〉〉 for every k and hence 〈〈V 〉〉 = n〈〈eq1−q2〉〉.
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Example 4 (Kepler problem in polar coordinates) Consider a particle P of mass m
moving in a plane under the action of a central force F (r) = −γ mm′/r2 on the direction of
a fixed point O of mass m′ ≫ m, where γ is a positive constant and r represents the distance
between O and the point particle P . Let φ be the angle that the line OP makes with a fixed
direction on the plane. In polar coordinates the arc-length is given by ds2 = dr2 + r2dφ2.
The kinetic energy of the particle is given by
T (r, φ, vr, vφ) =
m
2
(
v2r + r
2 v2φ
)
and the potential is the function V (r) = −γ mm′/r. The vector field
X = cos φ
∂
∂r
− 1
r
sinφ
∂
∂φ
is a Killing vector field of the Euclidean metric in polar coordinates. Then the Virial Theorem
tell us that 〈〈LXV 〉〉 = 0, that is, 〈〈− cos(φ)γ mm′/r2〉〉 = 0.
4.2 Conformal Killing and homothetic vector fields
Conformal Killing vector fields and in particular homothetic vector fields have also been
relevant in many problems in physics and more particularly in space-time geometry (see e.g,
[13, 16, 17]). We now explore the information that we can extract from them in the problem
of virial theorem we are considering. With this aim we first find the difference between the
Hamiltonian vector field Xα̂ associated to the 1-form α = ĝ(X), where X is a vector field
on M and the complete lift of X .
Proposition 2 If X is the vector field on M associated to the 1-form α, α = ĝ(X), and as
before α̂ ∈ C∞(TM) is the function α̂(v) = g(X(τM(v)), v), for v ∈ TM , then the difference
of the complete lift Xc of X and the Hamiltonian vector field Xα̂ associated to α̂ with respect
to the symplectic form ωTg is the vertical vector field whose contraction with the symplectic
form ωTg is the semi-basic 1-form θTLXg .
Proof: Notice first that as both vector fields, Xc and Xα̂, are projectable on the vector
field X = ĝ−1(α), the difference vector is vertical. Moreover, taking into account the above
mentioned relation 〈θTg , Xc〉 = α̂, we have
i(Xα̂ −Xc)ωTg = i(Xα̂)ωTg − i(Xc)ωTg = dα̂ + i(Xc)dθTg , (22)
and then
i(Xα̂ −Xc)ωTg = d(i(Xc)θTg) + i(Xc)dθTg = LXcθTg = θXcTg = θTLXg , (23)
where the last equality follows from (9).
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It is also well known (see e.g. [18]) that contraction with the symplectic forms ωL defined
by a regular Lagrangian L establishes a one-to-one correspondence of vertical vector fields
with semi basic 1-forms. More explicitly, in the particular case we are considering of L = Tg,
the semi basic 1-form corresponding to the Liouville vector field ∆, generating dilation along
the fibres of TM , is −θTg because, as θTg is semi-basic,
i(∆)ωTg = −i(∆)dθTg = −L∆θTg ,
and as θTg is homogeneous of degree one in velocities, we find that
i(∆)ωTg = −θTg . (24)
This allows us to write:
i(Xα̂ −Xc)ωTg = −i(∆)ωTLXg .
As a consequence, in the case of a conformal Killing vector field, we have the following
result.
Theorem 3 A vector field X on M is a conformal Killing vector field, i.e. there exists a
function f ∈ C∞(M) such that LXg = f g, if and only if Xα̂ = Xc − f ∆, where α is the
1-form α = ĝ(X).
Proof: Indeed, if X is a conformal Killing vector field, there exists a function f ∈ C∞(M)
such that LXg = fg, and then θTLXg = f θTg . The relation (23) reduces in this case to
i(Xα̂ − Xc)ωTg = f θTg , and then using (24), to i(Xα̂ − Xc)ωTg = −i(f ∆)ωTg . As ωTg is
nondegenerate we find Xα̂ −Xc = −f ∆.
Conversely, if there exists a function f ∈ C∞(M) such that Xα̂ −Xc = −f∆, then
i(Xα̂ −Xc)ωTg = −i(f ∆)ωTg = f θTg ,
and as a consequence of (23) we obtain that θTLXg = f θTg , which implies LXg = f g and
then X is a conformal Killing vector field.
This result is in agreement with the meaning of being a conformal Killing vector field: its
flow transforms geodesics in re-parameterized geodesics, the responsible for reparametriza-
tion is the term f ∆. Of course, for f = 0 we recover the result of Proposition 1.
The preceding results allow us to introduce a Virial Theorem for conformal Killing vector
fields.
Theorem 4 Let us consider a Lagrangian of mechanical type L = Lg,V = Tg − τ ∗MV , a
conformal Killing vector field X for g, i.e. there exists a function f ∈ C∞(M) such that
LXg = f g, and the associated 1-form α = ĝ(X). Then we have that
〈〈fTg − LXV 〉〉 = 0.
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Proof: If α = ĝ(X) is the associated 1-form, from the relation Xα̂ = X
c − f∆ it follows
that
{EL, α̂} = Xα̂EL = XcEL − f ∆EL = EXcL − 2fTg = −fTg + τ ∗M(LXV ),
where we have used that EXcL = TLXg + τ
∗
M (LXV ) = f Tg + τ ∗M(LXV ). Applying the virial
theorem 〈〈{EL, α̂}〉〉 = 0 we obtain the result.
Example 5 Consider now the spherical geometry metric (20) for R = 1 and look for a
conformal vector field of the form X = Xθ(θ) ∂/∂θ. From the relationships
LX(dθ2) = 2X˙θ dθ2, LX(sin2 θ dφ2) = 2 sin θ cos θXθ dφ2
we see that in order to be a conformal vector field one must have:
2 X˙θ = 2 cotan θXθ = f(θ),
from where we obtain Xθ = sin θ and f(θ) = 2 cos θ. Therefore the corresponding Virial
relation reads
〈〈2 cos θ Tg〉〉 = 〈〈 cos θ (v2θ + sin2 θ v2φ)〉〉 = 〈〈sin θ
∂V
∂θ
〉〉.
Example 6 Another example with three degrees of freedom is the metric
ds2 = h(r) dr2 + r2(dθ2 + sin2 θ dφ2), h(r) > 0.
If we look for a conformal vector field of the form X = Xr(r) ∂/∂r we arrive to the relation-
ship
LX g = (h˙Xr + 2 h X˙r) dr2 + 2 rXr(dθ2 + sin2 θ dφ2) = f g,
and we see that in order to be a conformal vector field one must have:
h˙
h
Xr + 2 X˙r =
2Xr
r
= f,
from where we can conclude that Xr is a solution of the differential equation
X˙r +
(
1
2
h˙
h
− 1
r
)
Xr = 0 =⇒ Xr = C r
h1/2
.
and f = 2C/h1/2. In particular for h(r) = 1, the Euclidean metric, we have the homothetic
dilation vector field X = r ∂/∂r, with f = 2 while for h(r) = r2 we find the conformal vector
field X = ∂/∂r with a conformal factor f = 2/r.Therefore the corresponding Virial relations
read
〈〈2Tg〉〉 = 〈〈LXV 〉〉 =⇒ 〈〈v2r + r2(v2θ + sin2 θ v2φ)〉〉 =
〈〈
r
∂V
∂r
〉〉
.
and
〈〈2
r
Tg〉〉 = 〈〈LXV 〉〉 =⇒ 〈〈r
(
v2r + v
2
θ + sin
2 θ v2φ
)〉〉 = 〈〈∂V
∂r
〉〉
.
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We can prove a similar result when we have two Riemann metrics g and g′ on M and the
vector field X ∈ X(M) relates them in the following way LXg = f g′.
Theorem 5 Consider a Lagrangian of mechanical type L = Lg,V = Tg − τ ∗MV . If there
exists a function f ∈ C∞(M) such that LXg = f g′, and α = ĝ(X), then,
〈〈fTg′ − LXV 〉〉 = 0.
Proof: Since α̂ = 〈θL, Xc〉, then ΓL(α̂) = Xc(L). Hence,
{EL, α̂} = Xα̂EL = −Xc(L) = −Xc(Tg)+τ ∗M(LXV ) = −TLXg+τ ∗M (LXV ) = −fTg′+τ ∗M(LXV ).
The Virial Theorem implies that 〈〈−fTg′ + LXV 〉〉 = 0, and the result follows.
Example 7 (Spherical geometry) In example 1 the vector field X = tan(θ)∂θ defines the
virial function. In polar coordinates, this vector is given by
X = r(1 + λr2)∂r.
The vector field X is not a conformal vector field of the Euclidian metric g′ given by ds2 =
dr2 + r2dφ2, but LXg = 2(1 + λr2)−1g′. In this case, we have 〈〈2(1 + λr2)−1Tg′〉〉 = 〈〈LXV 〉〉
and this formula is equivalent to (21).
A particularly interesting case is when the vector field X is homothetic, i.e. f = µ is a
real constant, LXg = µ g, because then LXcTg = µTg, where Tg is the kinetic energy T .
In example 7, when λ→ 0, the limit vector field is the infinitesimal generator of dilations
on R2 written in polar coordinates, and it is a 2−homothetic vector field of the Euclidian
metric, so in the limit the Virial Theorem implies that 2〈〈Tg〉〉 = 〈〈r∂rV 〉〉.
If V is a X-homogeneous function of degree ν, i.e. LXV = νV , then 〈〈µTg − νV 〉〉 = 0
because of 〈〈Xc(Tg)− LXV 〉〉 = 0. Using that the energy is a constant E along a trajectory
we also have 〈〈Tg + V 〉〉 = E, from where
〈〈Tg〉〉 = ν
ν + µ
E and 〈〈V 〉〉 = µ
ν + µ
E.
As a particular case, if both degrees of homogeneity are equal ν = µ ≡ a then we have
that
〈〈Tg〉〉 = 〈〈V 〉〉 = 1
2
E.
On the other hand, this condition is equivalent to LXcL = aL, and hence we can apply
directly a result in [2] obtaining 〈〈L〉〉 = 0, from where we also get E = 2〈〈Tg〉〉 = 2〈〈V 〉〉.
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5 Summary and outlook
This paper aims to go deeper in a recently developed geometric approach to the Virial The-
orem and our attention has been focused on the particularly interesting case of Lagrangian
systems of mechanical type. Geometric properties of the Riemann structure defining the ki-
netic energy term allow us to identify different types of virial functions and associated vector
fields for which a virial like type theorem can be stated. Recall that a first generalisation
of virial theorem was established in the framework of the theory of Hamiltonian systems on
symplectic manifolds and therefore for systems defined by regular Lagrangians. This is here
studied in the particular case of systems of mechanical type Lagrangians. The general case is
〈〈XG(EL)〉〉 = 0. But there are other type of virial like theorems of a specifically Lagrangian
nature. For instance we have proved in Section 3 that for any complete lift vector field Xc
the following relation is true: 〈〈Xc(Tg) − LX(V )〉〉 = 0; this is a generalisation of the case
studied in [2] in which Xc(L) = aL. We have displayed in Section 4 the most general form
of a function G whose associated Hamiltonian vector field is the complete lift of a vector field
X on the base manifold, which is a Killing vector field, the function G being determined by
the 1-form on M corresponding to X by contraction with the Riemann metric. We obtain
in this way the virial relation 〈〈LXV 〉〉 = 0. Finally we have identified the conformal Killing
vectors and obtained a virial relation for such vector fields, the case of homothetic vector
fields appearing as a particular case: 〈〈fTg − LXV 〉〉 = 0. Several examples have been used
to illustrate the theory.
The usefulness of this geometric approach suggests us the convenience of analyzing the
virial theorem in the framework of nonholonomic system. They are receiving an increasing
interest from the geometric viewpoint [19] and the use of a modern approach to the concept of
quasi-velocity [20] using the geometric tools of Lie algebroids points out to consider virial-like
relations in Lagrangian and Hamiltonian systems on Lie algebroids [21] when nonholonomic
constraints are present [22]. We believe this kind of applications deserves a more detailed
study.
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